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Abstract Let T m be the m-th Calderon-Zygmund type singular integral. In the paper, we consider the 
boundedness of T m on the generalized product local Morrey spaces x LMp 2 °^ 2 x • • • x LMp^ t \ m . 

And, the boundedness of the commutators of T m with local Campanato functions is obtained, also. 
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1 Introduction 


In recent years, the multilinear singular integrals have been attracting attention and great 
developments have been achieved (see [1-11]). The study for the multilinear singular in¬ 
tegrals is motivated not only by a mere quest to generalize the theory of linear operators 
but also by their natural appearance in analysis. 

Meanwhile, the commutators generated by the multilinear singular integral and BMO 
functions or Lipschitz functions also attract much attention, since the commutator is more 
singular than the singular integral operator itself. 

Moreover, the classical Morrey space M P) \ were first introduced by Morrey in m to 
study the local behavior of solutions to second order elliptic partial differential equations. 
In p[2], the authors studied the boundedess of the multilinear Calderon-Zygmund singu¬ 
lar integral on the classical Morrey space M p \. And, in m , the authors introduced the 

local generalized Morrey space LM p ^\ and they also studied the boundedness of the 
homogeneous singular integrals with rough kernel on these spaces. 

Motivated by the works of Hattaj , we are going to consider the boundedness of the mul¬ 
tilinear Calderon-Zygmund singular integral and its commutator on the local generalized 

Morrey space LM p x ^ 

Now, let us give some related notations. 

We are going to be working in K n . Let m € N and K(yo,yi,... ,y m ) be a function 
defined away from the diagonal j/o = Vi y m i n (R n ) m+1 . Let T m be a multilinear 
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operator which was initially defined on the m-fold product of Schwartz space <S(M n ) and 
take its values in the space of tempered distributions iS^M”) and such that for K, the 
integral representation below is valid: 

= ■ ■ ■ > fm){%) = I A (%} Hi, ■ • • , Vm.) flilJl) ■ ■ ■ fm(ym)dyi ■ ■ ■ dy m , 

R n ) m 

( 1 . 1 ) 

whenever fo, i = 1,... ,m, are smooth functions with compact support and x ^ fl™ jSupp/j. 

Moreover, if the kernel K satisfies the following size and smoothness estimates: 

l^(2/o,yi,• • .,ym) I < (^l l=0 \y k - yi \)^ (L2) 

for all (yo, yi, ... , y m ) £ (M n ) m+1 away from the diagonal; 

C\yi — y'\ e 

1^1 (lAb • • • i yii • • • i Vm) K (yo, • • ■ , 2/i, ■ ■ ■ , ym) | rn i ■ \\mn+e ’ (1-3) 

\2^k,i=o Wk — yi\) 

for some C > 0 and e > 0, whenever 0 < j < rn and |y* — y(| < l/2max 0 <fe< m \yi~yk\, then 
the kernel is called a rn-th C alder on-Zygmund kernel and the collection of such functions 
is denoted by m — CZI\(C,e). Let T m be as in (1.1) with am — CZK(C,e ) kernel, then 
T m is called a m-th Calderon-Zygmund type singular integral and the collection of these 
operators is denoted by m — CZO. 

Now, we define the commutators generated by the m-th multilinear Calderon-Zygmund 
type singular integral as follows. 

Let b = (&i,..., b m ) be a finite family of locally integrable functions, then the commu¬ 
tators generated by the m-th Calderon-Zygmund type singular integral and b is defined 
by: 

m 

T m(f)( x )= / K(x,yi,...,y m )T\(bi(x)-bi(yi))fi(y i )dy 1 ...dy m . 

y(K n ) m i=1 

In the following, we will establish the boundedness of T m on generalized product local 
Morrey spaces. And, we also consider the boundedness of the commutators generated by 
the m-th Calderon-Zygmund type singular integral T m and the local Campanato function 
on generalized product local Morrey spaces. 


2 Some notations and lemmas 


Definition 2.1(l3j Let (p(x, r ) be a positive measurable function on x (0, oo) and 
1 < p < oo. For any fixed xq £ M n , a function / £ L q loc is said to belong to the local Morrey 
space, if 

\\f\\r M {*o) = sup<p (x 0 ,r)\B(x 0 ,r)\ p \\f\\ Lp (B(x 0 ,r))<oo. 

niVJ P,<P r >Q 
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And, we denote 


LM^ = R") = {/ € L^K") : ||/|| w{(B?} < 00 } 


According to this definition, we recover the local Morrey spac eLM^ x ^ under the choice 


<p(x 0 ,r) = r p . 


Definition 2.2[13] Let 1 < q < 00 and 0 < A < 1/n. A function / £ L^ 0C (M ra ) is said 
to belong to the space LC^ 1 ^ (local Campanato space), if 


LC \t J B{xr) 


where 


/ B(xo,r) 


[ \f(y) - fB(x 0 ,r)\ q dy] 

JB(x r) J 


< OO, 


|5(s 0 ,r)l JB(xo,r) 


f{y)dy- 


Define 


LC { *°>(R") = {fe . ll/ll < oo} 

9,* 


Remark. [13] Note that, the central BMO space CBMO q (M. n ) = LC^ q (M n ), CBMOq 
LCj Q°^(M n ), and BMO q (W 1 ) C H, ; >i CBMOq X °^(W n ). Moreover, one can imagine that the 
behavior of CBMO\ x °^ (M n ) may be quite different from that of BMO(W 1 ), since there is 
no analogy of the John-Nirenberg inequality of BMO for the space CBMO^ 0 ^ (M n ). 


Lemma 2.1 Let 1 < q < 00 , 0 < r 2 < r\ and b € then 


(|B(, 0 ,n)| ^L M Hx) - bB ^ ,dx 


q,\ 

Y’<c( l+ln ri 


J V r 2 7 LC q, > 


( 2 . 1 ) 


And, from this inequality, we have 


N(x 0 ,n) - b B(x 0 ,r 2 )\ < c(l + In—') |R(x 0 ,ri)| A ||6|| { , o} . (2.2) 

\ ^2 / 9iA 


In this section, we are going to use the following statement on the boundedness of the 
weighted Hardy operator: 

poo 

H w g(t) := / g(s)w(s)ds, 0 < t < 00 , 


where w is a fixed function non-negative and measurable on (0, 00 ). 
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Lemma 2.2 P. |T5| Let v\ . V '2 and w be positive almost everywhere and measurable 
functions on (0,oo). The inequality 


ess supu(2 t)H w g(t) < Cess supiq (t)g(t) 
t> o t> o 


(2.3) 


holds for some C > 0 and all non-negative and non-decreasing g on (0, oo) if and only if 

w(s)ds 


r 

B : ess sup v 2 (f) / 

t>o Jt 


l t ess sup s<r<00 vi(t) 
Moreover, if C is the minimum value of C in (2.3), then C = B. 


ds < oo. 


Lemma 2.3[2| Let T m be a m — CZO. Suppose that 1 < pi,--- ,p m < oo and 
1/p = l/p\ + • • • + 1/Pm- If Pi > 1, * = 1, • • • , m, then there exists a constant C > 0, such 
that 

m 

\\T m f\\LP <C , nil/i||L«- 

i =1 


3 M-th Calderon-Zygmund type singular integral operator 
on generalized product local Morrey space 

Theorem 3.1 Let xo € M n , 1 < p,pi,P 2 , ■ ■ ■ ,Pm < oo, such that 1/p = 1/pi + l/p2 + 
• • • + Pm- Then the inequality 

pOO m 

\\T m {f)\\LP(B{x 0 ,r)) ~ / IJ \\fi\\LPi(B(x 0 ,r))t '^ P 1 dt 

d 2r i=l 

holds for any ball B(x o, r) and all ft € L/* c (M. n ), i = 1,2 ,m. 

Proof. Without loss of generality, it is suffice to show that the conclusion holds for 
T2U1J2). 

Let B = B(x 0 ,r). And, we write fi = /[’ + /f° and / 2 = / 2 ° + / 2 °°, where ,/'° = fiX 2 B, 
fi° = fiX( 2 B ) c , for i = 1.2. Thus, we have 

11-^2(/l; / 2 ) \\LP(B(xo,r)) 

< \\T2(f?,m LP( B) + r 2 (/ 1 o ,/ 2 oo )ii i p (B) + nr 2 (/f°,/ 2 o )ii L p (B) + nr 2 (/f°,/ 2 “)ii L p (B) 

=: I + II + III + IV. 


Using the L p boundedness of T 2 (Lemma 2.3), we have 

ll/l IIlpi (2B) II /2 ||l p 2 (2B) 

/*oo 

n / 

|lp 2 ( 2 B) H/2HLP2 ( 2 B) 


< 


< 


T P 


TP 


dt 


/»oc 

J2r 


-+1 
2 r t p^ 


LPi (B(x 0 ,t)) 11/2 ||lp 2 (B(x 0 ,t)) — 


dt 


t,P 


+1 ' 


(3.1) 
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Moreover, when x G B(xo,r) and y G (25) c , we have 


1 3 

2 l^o -y\<\x-y\< -\x 0 - y\. 


(3.2) 


Then, it follows from (1.2) that 


|r 2 (/ 1 0 ,/ 2 oo )(x)| 


< 


l/i 0 (yi)ll/2 oo (y2)l 

\ 2n 


dy\dy 2 


J R» JR™ (|x - 2 / 1 1 + \x — y 2 j)^ 

^ [ \fi{yi)\dyi [ — 2 V2 \ n dy 2 

J 2 B J( 2 B) C \XQ - y 2 \ 


^ / \h(yi)\dyi / I/ 2 ( 2 / 2 )| 

J2S 7(2B) c 

roo 

< II/i||lpi(2B)|2 j B| 1 - 1/P1 / 

J2r 


COO 


dt 


U\xo-y2\ 


-f-2n+l 


dm 


Wf2\\LP2(B(x 0 ,t))\B{x 0 ,t )\ 1 1/P2 ^TT 

ll/lll LPi (B(x 0 ,t)) H /2 lliP 2 (B(x 0 ,t)) p/p+i > 


dt 


< 

r^j 


r» 00 


/ 2r 


(3.3) 

where 1/p = 1/pi + l/p 2 . 

Thus, 

/•oo m 

II^2(/i,/ 2 °)||lp(B) <r- n / p y 11 /l 11 LPI (B (xo ,t) ) 11 /2 11LP2 (B (x 0 ,t) ) ^ n / p+ 1 • ( 3 -4) 

Similarly, we have 

roo ij. 

Ill = ||T 2 (/i°° ,/ 2 )||lp(B) |l/l IIlpi (B(xo,t)) II /2 ||lp 2 (B(xo,t)) ^ n / p+1 • 


Moreover, similar to the estimate of (3.3), we have 

f l/i ( 2 / 1 ) 1 1/2 ( 2 / 2 ) | 


l r 2(/i 00 ,/ 2 00 )(T)| 


< 


< 


< 

r-j 


< 


< 


1(2BY J (2B)° (|x 0 - 2/l| + |x 0 - 2/2|) 

|/l(2/l)||/2(2/2)|rf2/ld2/2 


2n 


dy\dy 2 


dt 


'(2B) c J (2B) C 

roo r /* 

'2r JB(xn.t 


12 r 
poo 


I 2 r 

poo 


12 r 


' \xo-y\\+\xo-y2\ 

dt 

-f-2n-\-l 


£2n-\-l 


\h(yi)\dyi / I/ 2 ( 2 / 2 ) 1^2/2 

B(xo,t) JB(xo,t) 

dt 


dt 


£2n-\-l 


LPi(B(x 0 ,t))\\J \\LPi(B(x 0 ,t)) tn/p+1 - 


Thus, 

/•°o ( ]f 

IV = ||T 2 (/ 1 00 ,/|°)|| L p ( b ) < r n /rj II /l II (B(a:o,*)) II /2 Ili«* (B(*o,*)) - ( 3 - 5 ) 
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Combining the above estimates, we obtain 


dt 


11-^2 (/1 > /2)||lp(B) ~ rn ^ P J ll/l IIlpi (B(xo,t)) II /2 1| Z/P2 (B(xo,t)) j.n/p+1 


Theorem 3.2 Let xo £ M n , 1 < p,Pi,P2, ■■■ ,Pm < 00 such that 1/p = 1/pi + l/p2 + 
• • • +Pm- If functions ip, pi : M n x (0, 00 ) —> (0, + 00 ), (« = 1,2,--- , m) satisfy the condition 



ess inf f] <p;(xo, s)s n / p 

t<s< 00 j = 2 

fn/p+1 


dt < Ci/j(xo, r) 


(3.6) 


where constant C > 0 doesn’t depend on r. Then the operator T m is bounded from the 
product space x LMp 2 °J 2 x ••• x to LM^ X ^. Moreover, the following 

inequality 

m 


<-(f)\\ L M {x f ~ n 

^ *=i 


'LM. 


{^o> • 


holds. 


i=i 


UL III, 

Proof. Taking ui(r) = ]/[ ^(^o, r)r~ n / p , v 2 (r) =ip~ 1 (x 0 ,r),g(r) = n \\fi\\LPi(B(x 0 ,r)) 

1=1 

and w(r ) = r ~ n /p~ 1 ^ then we have 

0 w(s)ds 


ess sup V 2 (t) 

t 

Thus, by Lemma 2.2, we have 


t>o Jt ess sup v\ (r) 

S<T <00 


< 00 . 


ess sup V 2 (t)H w g(t) < Cess sup vi(t)g(t). 
t >0 i>0 


(3.7) 


Therefore, from Theorem 3.1 and (3.7), it follows that 


ll^m(/) || iM P° } 


= sup 1 (x 0 ,r)\B(x 0 ,r)\ l,p \\T m {f)\\ LP{B{x ^ r)) 

r> 0 

poo 171 

< sup'i/ -1 ^,r)|il(.To,r)| _1//p ?’ n / p / TT||/i||LP i (B( a: o,t)) i_n/P-ldt 

r*>0 J 2r 

m m 

< supn^r 1 (x 0> r)r-»/i»ri ||/i||LPi(B(* 0 ,r)) 

r>0 i 7=1 

m 

< sup n r)r~ n / pi \\fi\\ L Pi(B(xo,r)) 


r> 0i=l 
m 


n ll/i• 

i =1 LM Vi,Vi 
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4 Commutators generated by m-th Calderon Zygmund type 
singular integral operators and local Campanato functions 


Theorem 4.1 Let xq G M n , 1 < p, pi, qi < oo(?' = 1,2 ,... ,m) such that 1/p = 1/pi + 

1/P2~\ - h l/Pm+l/pi + l/q- 2 -\ - f l/q m and bi G LC^. for 0 < A* < 1/n, i = 1,2, • • • ,m. 

Then the inequality 


m m 


\li(f)\\L, Wxo ,r)) < II ^ / ' 1+ln -| * 


i= 1 


l2r V 


t\" n E A; n E 1 /Pi 1 tt || , || 

1 \\fi\\LPi(B(x 0 ,t)) 

i =1 


dt 


holds for any ball B(x o, r) and all G L^ c (M n ), i = 1,2,... ,m. 

Proof. Without loss of generality, it is suffice for us to show that the conclusion holds 
for m = 2 . 

Let B = B(xo,r), f\ = /[’ + /f° and /2 = f 2 + / 2 0 ! where ff and /+ are as in the 
proof of Theorem 3.1, for i = 1.2. Thus, we have 

T^ b2 \h,f 2 ){x) 

= T^' b2 \fl /°)(x) + T^' b2 \fl / 2 °°)(x) + T 2 ( 6 l ’ fe 2 ) (/r, / 2 °)(x) + T 2 (bl ’ fe 2 ) (/f°, / 2 °°)(x). 


So, 


->(+A 2 ) 


(/li /2)||z,P(B) 


< l|T 2 (f>1 ’ b2) (/l 0 ,/2 0 )llLnB) + rr’° 2; (/l U 1 /2 00 )IU ! >(B) 

+ ||T 2 (bl ’ fe2) (/ 1 ~,/ 2 °)|| iP(s) + ||T 2 (fel ’ fe2) (/r,/ 2 -)|| iP(B) 

= :/ + // + /// + IP. 


^(bito), .0 


Let us estimate 1 , 11,111 and IV, respectively. 
Since, 


(h(x) - 61 (y))(b 2 (x) - b 2 (y )) 

= (h(x) - (h) B )(b 2 (x) - (b 2 ) B ) - (61 (x) - (&i)s)(& 2 (y) - ( 62 ) 5 ) (4.1) 

-(&i(y) - (&i)b)(& 2 (x) - ( 6 2 ) b ) + (61 (y) - (bi) B )(b 2 (y) - (b 2 ) B ). 


Then, 

l|T 2 (fel ’ b2) (/i 0 ,/ 2 0 )llL P ( B ) 

= ]|(&i - (6 i)b)(&2 - (b 2 )B)T 2 (flf*)\\ LP(B) + ||(61 - (b\) B )T 2 (f®, (b 2 - {b 2 ) B )f%)\\ LP{B] 

+ IK62 - (b 2 ) B )T 2 ((b 1 - (6i)b)/ 1 0 ,/ 2 0 )|| L p ( b) + ||T 2 ((6 1 - (6 i)b)/i°, (62 - (&2)b)/ 2 0 )||lp ( b) 

= : I\ +1 2 + I'i + I 4 . 

(4.2) 
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Let 1 < p, q < oo, such that 1/p = 1 /pi + I/P 2 and 1/q = l/q\ + l/q 2 . Then, using the 
Holder’s inequality and Lemma 2.3, we have 


h < ||(6l - (&i)b)(&2 - (b2)B\\mB)\\T2(f?J° 2 )\\LP(B) 

< || 6 i — (&i)s||i, 92 (B )||&2 — Q> 2 )b\\l^(B) II/i||lpi(2B) II/2 IIlpi (2B) 

< ||6i — (b\ )b Wlh (B) 11^2 — (b 2 ) b\\l< 12 (B) r( ' 1 / pi+1 / p2 ' ,n 

rco dt 


' 2r 


< 


LC. 


LPi(B(xo,t))\\f2\\LP2{B(x 0 ,t)) ^(l/ Pl +l/ P2 ) n +l 

{-0} INI lc ,{* 0 } r n,p 


(4.3) 


1 2r 


1 _|_ In t ] ^(Ai+A 2 )n-(l/pi+l/p 2 )n-l 
r 


Q2^ x 2 


LP 1 (B(x 0 ,*)) II/2 1 | LP 2 (B(x 0 ,t))^• 


Let 1 < r < 00 , such that 1 /p = l/(/i + 1 /r. Then similarly to the estimate of (4.3), we 
h <l|fci-(&i)B|U (B )||T 2 (/ 1 °,(6 2 -(6 2 ) i? )/ 2 0 )|| L . (s) 

< ||6i — (6l)s||l,9i(B) ll/l ||lpi(R")IK &2 — {b 2 ) 2 B)f 2 )IIl s (K") ( 4-4) 

< ||£>1 — (&l)s||z,9i(B)||&2 — (p 2 ) B ||l9 2 (2B) II /l IIl p i (2B) II /2 ||iP2 (2B) j 
where 1 < s < 00 , such that 1/s = l/p2 + I/Q2 = 1/t — 1/pi. 

From Lemma 2 . 1 , it is easy to see that 


\\bi - MbWl'HB) <Cr n ^ + ^\\bi\\ {xo} , 


and 


II bi — (b/)B Hl 9 ! ( 2 B) < ll^i ~ (Pi) 2 B ||l 9 * ( 2 B) + II Q>i) B ~ {bi) 2B ||l9*(2S) < Cr n / qx+nX ‘\\bi\\ { XQ }, 

H’ x i 

(4.5) 

for i = 1,2. 

Then, 

42 < Hftill^olll^ll^o}^ 

9l>^l 92>^2 

X J^r (l In r ) 2 ^ (Al+A2)n_(1/Pl+1 / P2 ) n_1 ||/ 1 IIlpi (_B(:ro,t)) ll/2||LP2 ( S { o; 0 ,t))^L 


Similarly, 

4 <IIM lc Ho}INI lc{ * 0 }^ 


9i 


^92 >^2 


£°(l + ln^) t ( Ai+A 2 ) ^— 1 || / i||^ i ( S(a;o ^))|| / 2 ||^ 2 ( i5(;E05t)) ^. 


Moreover, let 1 < ti ,72 < 00, such that 1/t\ = 1/pi + l/c/i and 1 /t 2 = l/p 2 + 1 /Q 2 - It 
is easy to see that 1/p = 1 /t\ + 1 /t 2 . Then by Lemma 2.3, Holder’s inequality and (4.5), 



we obtain 


h 


<W(b l -(b l ) B )f*\ 

IM - (M-bIIl^h 

INI lc Ho> \M LC i* 0 }r n /P 


nv^J- v v ty£>yj i M L T i (IR n ) 11(62 - ( 62 )b)/ 2 °|| L T 2(R") 
<II&i-(&i)b|| Ln(2B)\\b-2 ~ (&2)s||l92(2B)||/i||lpi(2B) IIMI LP2(2B) 


r-j 

< 


+1 Ai 


'92^2 


(4.6) 


/2 r 


1 + In - j t^ 1 +X 2 )n ~^/ pi+ 1 / p ^ n ~ 1 \\fi\\ L p 1 ^ Xo ^)\\f 2 \\LP 2 (B(xo,t))dt. 


Therefore, combining the estimates of I\,l 2 ,I$ and I 4 , we have 

I <ll^l|l LC ^o}|l^|| r ^o>^ /p 


LC. 


92 > A 2 


£°(l + lnt) t (A.+J2)»-(l/w+l/»)»-l|| /l || Ipi(B(i!(iil)) || / 2|| IP1(fl(lB , 1)) d t . 


Let us estimate II. 

It’s analogues to (4.2), we have 
\\T^’ b 2 \flf^)\\LP { B) 

= ||(6i - (h) B )(b 2 - (b 2 ) B )T 2 {flf?)\\ LP(B) + 11 ( 6 , - (6i)B)r 2 (/ 1 °,(6 2 - (b 2 )B)f?)\\ LP (B) 

+ IK62 - (b 2 ) B )T 2 ((b 1 - (Mb)/?,/ nil W) + ||T 2 ((6 1 - (Mb)/?, (62 - (MM/DIIl^) 
= : Ih+II 2 + h + Ih. 

(4.7) 

Let 1 < p, q < 00 , such that 1/p = l/p\ + I/P 2 and 1/q = 1/q\ + 1/ q 2 . Then, using the 
Holder’s inequality and (3.4), we have 

Ih < II (61 - (6i)b)(&2 - (62)2b||l 5 (B)I|T 2 (/ 1 0 ,/| O )||bp(B) 

< INIbcHo} ||62|| ic{ , 0 }r (1/9l+1/92)n+(Al+A2)n r( 1 /pi+i/P2)n 

81 Al J22A2 

x £°(l + hd) r < 1 /> , ‘ +1 /»>"- 1 HA||i„(B (M , () 1 11/2llin«»„,())<# 

<I|6iL(.„) I|62|| ic (,} r”/6 

X jH(l + tat) i<A.+A 2 )»-( 1 /P.+ I /P 2 )»-l||/i|| 1 „ (B(a;ot ))||/ 2 || iJ2(B(OTi , ) ) dt . 

(4.8) 

Moreover, using (1.2) and (3.2), we have 

K(/f,(fe-(62)B)/r)wi 

< / i/i(»i)i*, / 

42 B i(2S) c PO — 2/21 

It’s obvious that 

[ \fi(yi)\dyi < ||/i||b P i(2S)|2 j B| 1 ~ 1/pi , (4.9) 

J 2 B 
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and 


^2(2/2) - (^2)11/2(2/2)1 


1 2 n 


(2B) C |X 0 - 2/2 

|^2(2/2) - (^2)_B 1 1 / 2 (2/2)| 


dy 2 


'(2B) 

roo 


L 


dt 


\X0~V2\ 


j-2n+l 


dy2 


< 


’ 2r 


+ 


11^2(2/2) - ip 2 ')B(xo,t) ll-L 92 (B(xo,t)) II/2 ||L p 2 (_B(j;o,t)) l-B(iCO) 0 | X d/P2+!/y2) 

I {^ 2 ) B(xo,t) - {b2)B{xo,r)\\\f2\\LP2(B(x o ,t))\B{x 0l t)\ 1L/p2 


dt 


^ 2 n+l 


^ 2 n+l 


< 


~ \Mlc 


/*°° fjf 

{,o> / |S(^o, 0 | 1 / 92 +A 2 ||/ 2 ||^ 2 (^( a:o , t ))l^(^o,i)| 1 - (1/p2+1/g2) : 

<72> A 2 </2r 


poo 


^ 2 n+l 

+ II»2|I IC (.„) / (l + kd'Wo, ()| Aa |l/2||M(B( IO ,„ l |B(, T „,i)| 1 - 1/ « ^ 

92 > a 2 ^ 2 r V ? / 

00 / ^\ 2 


^ 2 n+l 


11 ^2 11 LC ,{^ 0 } 

< 12^2 J2r 


J™ ^1 + In ^ r n+nA 2 -n/ P 2 -l||j 2 || 


LP 2 ( B(x 0 ,t )) 


dt. 


(4.10) 


Therefore, from (4.9) and (4.10), it follows that 

BW.fe- (i> 2 ) B )/ 2 “)W| 

< llfell lci «o>ll/lllin(2B)|2B| I - 1/M ^(l+lnll r”+” J 2-"/M-'||/ 2 || lr2(B(M4| 


dt 


< 


<72’ A 2 J2r 


INUl-ol / (l + lnl) t" i3 - (1/ ’’‘ + 1/W, "- 1 |l/lllL»(B(„, t ))ll/2|liP2( fl ( I0 ,„,<it. 


Thus, let 1 < r < 00 , such that 1/p = 1/gi + 1/r, then similarly to the estimate of 
(4.3), we have 

Ih = ||(61 - (&i)b)T 2 (/°, (, b 2 - (b 2 ) B )f?)\\ LP{B) 

< ||bl - (h) B ||lu(B)I|72(/i°, (62 - (& 2 )b)/2°) ||l t (_b) 

<l|bl|l L ^0> ll&2|l iC {«o} | 5 | Al+1 ^ +1 /" 

<21> A 1 92> A 2 

x jT( 1 + In 1^ i” J 2-( 1 /n.+ 1 /P2)”-i||/ 1 || 1P1(B( „ (|) ||/ 2 || 1P!(B( „ 1)) * 

(.oiIMLbW” 7 '’ 


< 

r\_/ 


ll&l|l iC {« 0 > INI^-O^ 

<? 1> A 1 92> A 2 

x £°(l + In 1 ^ i<A.+A.)»-( 1 /P.+i/P.)»-i|| / i|| 1 „ (B(a;o t ) ) || /2 || iJ2(B(Wi() ) rft . 


(4.11) 


Similarly, we have 
^3 <|IM LC t*o}|IM LC t*o}^ 


J_VV_X x J_/V_2 \ 

9l’ A l 92> a 2 

x£°°( 1 + ln^) (1/ P 1 “t 1/ P 2 )n—1 H 7 i H^Pi (B(xo,t)) ||/ 2 ||iP2 (B(xo,t))dt- 
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Let us estimate II 4 . 


Since, 

|T 2 ((6 1 -(6 1 ) b )/ 1 0 ,(6 2 -(6 2 ) b )/|°)(x)| 

< [ \bi(yi) — (bi) B \\fi(yi)\dyi f 

J2B J(2B) C \Xq ~ y 2 \ 

i 

[ \bi(yi) - (bi) B \\fi(yi)\dyi < ||M { , o} |T?| Al+1 - 1/pi |!/i|| iP1(2B ). (4.12) 

J-2B LC nM 

Then, by (4.10) and (4.12), we have 

I T 2 ((h - - (h)B)f?)(x)\ 

< IIM LC (.o> IIM^m /“(1 + in-) t" < ^+^)-» <l /i..+/B)- i || / i|| 1I1(B ( w( ))|| /2 || I! , 1 , iJ(M ( ) ) *. 

91> A 1 12’ x 2 J2r V r J 


Therefore, 


Ih = II T 2 ((h - (h )b)/i°, (62 - (&2)B)/f 

<"6+1 7 {.o> INI^oJ r n/p 


Ilp(B) 


LC„ 


' 2r 


x / ( 1 + 111 ) + ||/i||„( B( „, t ))||/ 2 ||„ (fl ( I 0 , t) ,dt. 


12’ X 2 


Combining the estimates of 7/i — 1 / 4 , we have 

4/ <\\bi\\ Lc{ , 0 } \\b 2 \\ LC i^ rn/p 

92>^2 

x £°(l + 1 +) i <A ‘ +All "- (I/w+I/Ml “- 1 |l/illi,n(B ( , 0 ,, ) )ll/ 2 ||M ( B ( » 0 ,, ) )<Jt. 
Similarly, 

4// <l|bi|l Lc{ ,o}ll^|| Lc{ ,o}^ /p 

91,M 92, A 2 

x £°(i + i„tj i ^+>.)”-a/p.+ l /M)»- l || / i|| iII(B(Wi() )|| /2 || 1I2 ( B(Mi( ) ) *. 


For /V, we have 

iiT 2 (6i ’ b2) (/r,/ 2 oo )ii L p ( s ) 

< IK&1 - (&i)b)(& 2 - (&2) B )T 2 (/f 0 ,/ 2 00 )||LP(B) + II(61 - (6i) s )T 2 (/f°,(6 2 - (6 2 )b)/ 2 00 )|| L p (B ) 

+ 11(62 - (6 2)b)T 2 ((6 1 - (6i) B )/f°,/r)|| iP(B) + ||T 2 ((6 1 - (6 1 )s)/f° , (6 2 - (6 2 ) B )/ 2 00 )|| iP(B) 
=: /V, + IV 2 + IV 3 + IV A . 
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Let us estimate IX i, IV 2 , IV3 and /V4, respectively. 


Let 1 < r < 00 , such that 1/p = l/c/i + 1/(72 + 1/r. Then, from Holder’s inequality and 
(3.5), we get 

IVl ~ II&1 — (&l)s||l, 9 i(B )||&2 - (6 2 )s ||l 92 (6) ||T 2 (/i >0 , /2°)I|l t (B) 

< l|6i|| LC {«0> INI lc ,{* 0 } |5| (Al+A2)+(1M+1 / 92 ) + i/ r 

Q2’^2 

poo 

J 2 r 

<ll^i|| LC Ho} INI^o)^ 

92’^2 

x£°(l+li+) t < »i+i.)-< 1 M+ ,/ »)»- 1 || /l ||„ 1(B(MiJ)) || A || I „ (B(Wi()1(i (. 


Moreover, by (1.2) and (3.2), we have 


|T 2 (/ 1 00 ,(62-(62)b)/ 2 00 )(x)| 


< 

r^j 


< 


< 


^2(2/2) - (62)b||/i(2/i)II/2(2/2)| 


\2n 


\2B) C J{2B) C (|X 0 - 2 / 1 1 + |X 0 - 2/2|) 

|/l( 2 /l)l| 62 ( 2 / 2 ) - ( 62 )b||/ 2 ( 2 / 2 )| 


1 (2B) C 


’ (2B) C 


2 r \_JB(xo,t) 


\fi{yi)\dyi 


dy\dy 2 


\-J\xo-yi\+\x 0 -y 2 \ 


dt 


j- 2 n+l 


dyidy 2 


i \_J B(xo,t) 


162(2/2) - (62)511/2(2/2)1^2 


dt 


p 2 n+l ' 


Since, 


and 


/ B(xo,t) 


\fi(yi)\dyi < Wfi\\L PH B(xo,t))t n{1 - 1/pi \ 


I B(xo,t) 


162(2/2) - (62)511/2(2/2)1 


< 


< 


- (b 2 )B(xo,t)\\L<i 2 (B(xo,t))\\h\\LP 2 \B(x 0 ,t)\ 1 (VP2+1/92) 

+ I( 62 )b(xo, t) ~ (62)5^0, r)|ll/ 2 ||LP 2 |H(.T 0 ,t)| 1_1/P2 

IMI^oJ | J B(x 0 ,t)| 1 / <?2+A2 ||/2||L,2|H(.T 0 ,t)| 1 -( 1 / P2 + 1 / 92) 


92> A 2 


92> A 2 


+ I|62|| lc ,{x 0 } f 1 H- In— )\B{x 0 ,t)\ X 2 \\f 2 \\ L P2\B(x 0 ,t )\ 1 1/p2 


< HM LC l*o> fl + ln-) 6 nA2 - n/p2+r! ||/2||L,2(5(, 0> t))- 
12^2 \ r J 


Then, 

|T 2 (/f>,(6 2 -( 6 2 ) 5 )/ 2 00 )(x)| 


rS 11 62 11 


1 _|_ In - ) ^nA 2 -(l/pi+l/p2)n-l 

92 '^2 J2r \ p 


LPi (B{x 0 ,*)) II/ 2 1| LP2 (B(x 0 ,*)) dt. 

(4.13) 
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Let 1 < t < oo, such that 1/p = 1/qi + l/r. Then, from Holder’s inequality and (4.13), 
we have 

IV .2 < ||6l - (6l)B||L«(B)l|r2(/r,(62 - (&2 )b)/ 2 0 °)||lHB) 

<INI iC H 0 } \M LC i* 0 yr n /P 

91 Al 92, a 2 

XjT(l + lld) « <A ' + «"- (1/P, + 1/K) ”- 1| |/ 1 || L». ( B ( „, t| )| l/ 2 || M ( B ( „, 0 ) *. 


Similarly, 




< 


INI iC {«o> INI^-o) 

91.Al 92. a 2 

2 


jT(l+ lni) (<^+^>"-( 1 ^+V«)^‘||/ 1 ||„ 1 (B(TO ,, |) ||/ 2 || I „ (B(TO , 1 ))< i ( . 


Similar to the estimate of (4.13), we have 

|r 2 ((6r - (6 i)b)/i°°, - ( 62 )b)/ 2 °°)(*)I 

|&1 (2/1) - (^i)b 11^2(j/2) - (£ > 2 ) j b||/i(2/i)||/2(2/2)| 


' (2B) 

roo 


< 


' [2B) C 


dt 


2 r \_JB(xo,t) 


\bi(yi) - {bi)B\\h(yi)\dyi 


' \xo-yi\+\xo-y2\ 


-f-2n+l 


dy\dy 2 


J L J B(xo,t) 


IM2/2) - (62)5 II/2 (2/2) 


dt 


~ \\bi\\ L M INI LC Ho> ffl + hr-) r (A 1+ A 2 )-n( 1 M + 1 /p 2 )- 1 || /: i|| iP 1 (B(a; 0 it ))|| / 2 || LP 2 (B ( X 0, t)) dt. 

91 ,>1 92.^2 J2r V r J 


< 


Thus, 

IVa < INI iC Ho}|NI LC Ho}^ 

91, Ai 92, a 2 

xjT^l+lnl) t (X ‘ +J!) “- ( 1 /pi+ ‘/ K )”- 1 |l/ 1 |li, 1 ( B ( ,„, t)) ll/ 2 |lw ( B ( ,o,. )) <i‘. 


Then, from the estimates of /Vi — /V 4 , we deduce that 


IV < 


I2r 


.{«<,> IIM LC {*o> ^ n/p 

91, *1 ^92,^2 

_)_ l n ^(Ai+A 2 )n-(l/pi+l/p 2 )n-l 


LPi (B(x 0 ,t)) II/2 ||x,P 2 (B{x 0 ,t))dt■ 


So, combining the estimates for I, II, III and IV, we have 

\\Tt’ b2 \flj2)\\ LP (B) 

<INI iC t*o} \M lc{ * 0 

91,Ai 92 , x 2 

X £ (l + In ^ t (Ai+A2)n-(l/pi + l/p2)n-l {BM)dt . 
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Therefore, we complete the proof of Theorem 4.1. 


Theorem 4.2 Let To € M n , 1 < p,Pi,qi < oo, for i = 1, 2,..., to such that 1/p = 
1/pi + 1 / P ‘2 + • • • + 1/pn + 1/pi + 1/^2 + • • • + 1/ q n - Suppose that 0 < \ < l/n such 
that bi € LCq X y, for 0 < A* < l/n, i = 1, 2, ■ ■ ■ , m. If functions <^, tpi : M” x (0,oo) —>■ 
(0, Too), (z = 1,2,--- , to) satisfy the condition 



1 T In ■ 


m m 

m n J2 Ai-n E 1/pi—l 

t i=1 i=1 ess inf 

t<s< OO 


JJ<^(T 0 ,s)s n/pi dt < Cip(x 0 ,r), 

i= 1 


where constant C > 0 doesn’t depend on r. Then the operator T/ n is bounded from product 
space LMp x LMp X /J 2 x • • • x to . Moreover, the inequality 


l^(/)|| 




< 


nii 6 . 


'LC. 


2=1 


{^o} 

Qi ,^i 


n 

2=1 


'LM 


{^o} ■ 

Vi,Vi 


holds. 


m 

Proof. Taking ui(f) = f] ^(to, t)t~ n / pi , v 2 (t) =i/~ 1 (x 0 ,t),g(t) 

i=1 


and tt>(t) 


m m 

, A*-n X) l/pi-l 

(1 T In ^) m t i=1 i=1 , then we have 


m 


n ll/i lllTi (B(xq ,t)) 

j=l 


ess supu 2 (i) 

i>0 



w(s)ds 

ess sup v\ (r) 

s<r<oo 


< oo. 


Thus, by Lemma 2.2, we have 

esssupu 2 (t)Lf t 0 ( 7 (t) < Cess sup v\(t)g(t). 
t>o t>o 


So, 


< 

r\_/ 


< 


\\TiU)\\ LM i^ 

sup V ’ _1 (.t 0 , r)\B(x 0 , r)\~ 1/p ||T m (/)II l^b^o,?-)) 


m 


poo 


m m 


n l|6i|L r {* 0 } SUPIA (tot) / ( 1 T In - ) i <=i 

i=l ^ C 9 *.Ai r >0 J 2 r 


f \ n E A»-n E 1/Pi-l 
r 


lli III 

n ll & ill £C {*o} sup n PT l i. x o,r)r- n/pi \\fi\\ L P i{ B(x 0 ,r)) 


• , LC , . n . , 

*=i «iT r>0 1=1 

m 

n n^n 

2=1 Vi,V x 


m 

]^[ l|/i ||L p i (B(xo,t))dt 
i=1 


Thus we complete the proof of Theorem 4.2. 
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